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Abstract
An edge of a k-connected graph is said to be k-contractible if the contraction of the edge
results in a k-connected graph. Let K−n stand for the graph obtained from Kn by removing one
edge. Let G be a k-connected graph (k¿ 5). It is known that if either “k is odd and G contains
no K−4 = K2 + 2K1” or “G contains no K1 + 2K2”, then G has a k-contractible edge. In this
paper, we prove that if G contains neither K2 + sK1 nor K1 + tK2 with positive integers s; t such
that s(t − 1)¡k, then G has a k-contractible edge. We also prove that if 	(G)¿ k + 1 and G
contains neither K−5 nor 5K1 + P3, then G has a k-contractible edge.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
In this paper we deal with simple graphs; ;nite undirected graphs with neither loops
nor multiple edges. Let G be a graph. Let V (G) and E(G) denote the set of vertices
of G and the set of edges of G, respectively. For a vertex x∈V (G), we write NG(x)
for the neighbourhood of x. We denote the degree of x∈V (G) by dG(x). Let 	(G) and
(G) denote the minimum degree of G and the maximum degree of G, respectively.
For a subset S ⊆V (G), let G[S] denote the subgraph induced by S. When there is
no ambiguity, we write E(S); 	(S) and (S) for E(G[S]); 	(G[S]) and (G[S]),
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respectively. Let Kn; Cn and Pn stand for the complete graph of order n, the cycle of
order n, and the path of order n, respectively. The square of a graph G is the graph
obtained from G by joining each pair of vertices whose distance in G is 2. We denote
the square of G by G(2). Let G and H be graphs. We denote the union of G and H
by G ∪H . We write mG for the union of m copies of G. Let G + H denote the join
of G and H . We denote the cartesian product of G and H by G × H . We write Gm
for the cartesian product of m copies of G.
Let K−n denote the graph obtained from Kn by removing one edge. In this paper we
consider mainly K−4 . Let bow tie stand for the graph K1 + 2K2. In other words, K
−
4
is the graph with two triangles which share one edge in common and a bow tie is the
graph with two triangles which share one vertex in common.
Let k be a positive integer with k¿2. Let G be a k-connected graph. An edge e of
G is said to be k-contractible if the contraction of e results in a k-connected graph. A
k-connected graph is said to be k-contraction critical if G has no k-contractible edge.
It is known that every 3-connected graph of order 5 or more contains a 3-contractible
edge [8]. Fontet [4] and independently Martinov [6] proved that if G is a 4-contraction
critical graph, then G is either C(2)n or the line graph of a cyclically 4-connected cubic
graph.
In this paper we consider k-connected graphs with k¿5 and we start with the
following two theorems due to Thomassen [7] and Egawa [2]. The former one gives a
forbidden graph condition for a k-connected graph to have a k-contractible edge and
the latter one gives a minimum degree condition for a k-connected graph to have a
k-contractible edge.
Theorem A (Thomassen [7]). Let G be a k-connected triangle-free graph. Then G
contains an edge e such that the contraction of e results in a k-connected graph.
Theorem B (Egawa [2]). Let k¿2 be an integer, and let G be a k-connected graph
with 	(G)¿5k=4. Then G has a k-contractible edge, unless 26k63 and G is
isomorphic to Kk+1.
Egawa et al. [3] studied the distribution of k-contractible edges in a k-connected
triangle-free graph and proved that a k-connected triangle-free graph contains
min{|V (G)|+ 32k2 − 3k; |E(G)|} k-contractible edges.
In view of their result, a k-connected “triangle-free” graph has many k-contractible
edges, and this situation indicates the possibility of the existence of a weaker forbidden
graph condition for a k-connected graph to have a k-contractible edge. In this direction,
the following two theorems were recently proved:
Theorem C (Kawarabayashi [5]). Let K−4 be the graph obtained from K4 by removing
one edge. Let k¿3 be an odd integer, and let G be a k-connected graph which does
not contain K−4 . Then G has a k-contractible edge.
A graph is said to be bow tie free if it does not contain a bow tie.
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Theorem D (Ando et al. [1]). A k-connected bow tie free graph has a k-contractible
edge.
Note that since both K−4 and a bow tie have two triangles, Theorems C and D are
extensions of Theorem A (Theorem C is for only k being odd case).
In Theorem C, we cannot replace K−4 =K2 + 2K1 with K2 + 3K1 and in Theorem
D, we cannot replace a bow tie=K1 + 2K2 with K1 + 3K2. Hence, the conditions in
both Theorems C and D are sharp in this sense. However, if a k-connected graph G
with k¿7 has neither K2 + 3K1 nor K1 + 3K2, then G has a k-contractible edge. In
this paper, generalizing this fact, we ;nd a more general forbidden subgraph condition
for a k-connected graph to have a k-contractible edge.
Theorems A, C and D deal with forbidden subgraph conditions for a k-connected
graph to have a k-contractible edge. On the other hand, Theorem B gives a minimum
degree condition. In [2], k-contraction critical graphs with 	(G)=5k=4 − 1 are dis-
played, hence the bound of the minimum degree in Theorem B is sharp in this sense.
However, if we restrict ourselves to a class of graphs which satisfy some forbidden
subgraph conditions, then we may relax the minimum degree bound in Theorem B.
In this direction, we get a forbidden subgraph condition which relaxes the minimum
degree bound to k + 1. Note that if k¿5, then 5k=4¿k + 1.
Our results are the following two theorems:
Theorem 1. Let k, s and t be positive integers such that k¿5 and s(t − 1)¡k. If a
k-connected graph G has neither K2 + sK1 nor K1 + tK2, then G has a k-contractible
edge.
Theorem 2. Let G be a k-connected graph which contains neither K−5 nor 5K1 + P3
with k¿5. If 	(G)¿k + 1, then G has a k-contractible edge.
To conclude this section, we give some k-contraction critical graphs which show
that both Theorems 1 and 2 are sharp in some sense.
First we consider the case with k being even. Let G=K3×K3× · · ·×K3 =Kk=23 . Then
G is k-regular, k-connected and each edge of G is contained in only one triangle. We
can easily verify that G is k-contraction critical and that G has neither K2+2K1 nor
K1 + tK2 with t¿k=2
Next, we consider the case that k =5. Take two copies of m-cycles Cm and C′m
with m being a suLciently large even integer. Write V (Cm)={x0; x1; : : : ; xm−1} and
V (C′m)={y0; y1; : : : ; ym−1}. Further, we write V (Cm×C′m)=V (Cm)×V (C′m)=
{(xi; yj) | 06i; j6m − 1}. Let H be the graph obtained from the cartesian product
Cm×C′m by adding a set of new edges which forms a complete matching of H as
follows:
V (H)=V (Cm×C′m)
E(H) = E(Cm×C′m)∪{(xi; yj)(xi+1yj+1) | i; j: even}
∪ {(xi; yj)(xi+1yj−1) | i: odd; j: even};
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where the indices are taken modulo m. Then H is 5-regular, 5-connected and vertex
transitive. And for each x∈V (H), we observe that H [NH (x)∪{x}]∼=K1 + (K2 ∪P3).
This observation assures us that each edge of H is contained in a triangle, and which
together with the fact that H is 5-regular implies that H is 5-contraction critical. Again
since H [NH (x)∪{x}]∼=K1 +(K2 ∪P3) for each x∈V (H); H has neither K2 +3K1 nor
K1 + 3K2.
For an odd integer k¿7 we let G=H ×K3× · · ·×K3 = H ×K (k−5)=23 . Then we
observe that G is k-regular and k-connected. By the construction of G, we observe
that for each x∈V (G); G[NG(x)∪{x}]∼=K1 + ((k − 3)=2K2 ∪P3), which means each
edge of G is contained in a triangle. Since G is k-regular, this implies that G is
k-contraction critical. We can easily verify that G has neither K2+3K1 nor K1+tK2
with t¿(k − 1)=2.
Taking into account these examples, we can say the following about the sharpness
of the inequalities in Theorems 1 and 2:
1. In the case that k is even, we cannot replace s(t − 1)¡k with s(t − 1)6k in
Theorem 1.
2. Since all examples are k-regular and have neither K−5 nor 5K1 + P3, we cannot
replace 	(G)¿k + 1 with 	(G)¿k in Theorem 2.
In the case that k is odd, there are positive integers with s(t − 1)=3(k − 1)=2 such
that there exists a k-contraction critical graph which has neither K2 + sK1 nor K1 + tK2.
Hence, in the case that k is odd, we say that we cannot replace s(t − 1)¡k with
s(t − 1)63(k − 1)=2 in Theorem 1.
2. Preliminaries
In this section we introduce some more notation and prove a preliminary lemma. For
a graph G, let (G) denote the edge independence number of G. For a component A of
a graph G, we often write A for V (A). Hence, |A| means |V (A)|; x∈A means x∈V (A),
and so on. Let G be a k-connected graph. We call a cutset with k vertices a k-cutset.
Let S be a k-cutset of G and let A be a component of G−S. If |A|¿(k+1)=2, then
A is called a large component. Let e∈E(G) and let S be a k-cutset of G such that
e∈E(S). Then a component A of G − S is said to be a component with respect to e.
We de;ne the set of edges EL(G)⊆E(G) as follows:
EL(G)= {e∈E(G) | each component with respect to e is large}:
A component A is said to be a component with respect to EL(G) if A is a component
with respect to e for some edge e∈EL(G). For a vertex x∈V (G), we denote the set
of edges incident to x by E(x).
The following Lemma 1 plays a basic role in the proofs of Theorems 1
and 2:
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Lemma 1. Let G be a k-connected graph and let A be a minimum component with
respect to EL(G). Suppose that A has a vertex x such that E(x)∩EL(G) = ∅. Then
each edge in E(x)∩EL(G) is k-contractible.
Proof. Write S =NG(A) − A and B = V (G) − (S ∪A). Since A is a component with
respect to EL(G), we observe that |A|; |B|¿(k + 1)=2. By way of contradiction,
suppose that there exists e∈E(x)∩EL(G) such that e is not k-contractible. Then there
is a k-cutset T containing V (e). Let C be a component in G− T and let D=V (G)−
(T ∪C). Since e∈EL(G), we have |C|; |D|¿(k + 1)=2. Further, since we choose A
being minimum, we have |B|; |C|; |D|¿|A|¿(k + 1)=2. Let A1; A2 and A3 denote
A∩C; A∩T and A∩D, respectively and let B1; B2 and B3 denote B∩C; B∩T
and B∩D, respectively. Further, let S1; S2 and S3 denote S ∩C; S ∩T and S ∩D,
respectively. For i=1; 2; 3, we write ai =|Ai|; bi = |Bi| and si = |Si|.
For the moment we assume that A1 = ∅. Since e∈E(S1 ∪ S2 ∪A2)∩EL(G), the mini-
mality of A implies s1+s2+a2¿k+1. Since |S|+|T | = (s1+s2+s3)+(b2+s2+a2)= 2k,
we have b2 + s2 + s3¡k. Since G is k-connected, this implies that B3 = ∅. Again, by
s1 + s2 + a2¿k + 1 together with |S|= s1 + s2 + s3 = k, we have a2¿s3 + 1. Hence
|D|= b3 + s3 + a3 = s3 + a36a2 + a3¡|A|, which contradicts the fact that |D|¿|A|.
Now we have A1 = ∅ and by similar arguments, we have A3 = ∅. Note that since A is
large, |A|= |A2|¿(k + 1)=2.
Next, for the moment we assume that B1 = ∅. Then, since G is k-connected, s1 +
s2 + b2¿k. Since s2 + b2 = (a2 + s2 + b2)− a26k − (k + 1)=2; s1¿k − (s2 + b2)¿
(k + 1)=2. Hence
b2 + s2 + s36 (b2 + s2 + a2) + (s1 + s2 + s3)− a2 − s1
6 2k − 2
⌈
k + 1
2
⌉
6 k − 1:
This inequality together with the k-connectedness of G implies that B3 = ∅. Then
|D|= b3 + s3 + a3 = s36k − s1¡(k + 1)=2, which contradicts the fact that
|D|¿(k + 1)=2. Now we have B1 = ∅.
By similar arguments, we have B3 = ∅, however, then |B|= b1 + b2 + b3 = b26
k − a2¡(k +1)=2, which contradicts the fact that |B|¿(k +1)=2. And this contra-
diction completes the proof of Lemma 1.
The following is an immediate corollary of Lemma 1:
Corollary 2. Let G be a k-connected graph. If E(x)∩EL(G) = ∅ for each vertex
x∈V (G), then G has a k-contractible edge.
3. Proof of Theorem 1
To prove Theorem 1 we need the following Lemma 3. The proof of Lemma 3 may
be known; however, we have included the proof for the convenience of the reader.
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Lemma 3. Let G be a graph with 	(G)¿1. Then |V (G)|6((G) + 1)(G).
Proof. Let M = {uivi ∈E(G) | 16i6} be a maximum set of independent edges in G
and let V (M)= {ui; vi | 16i6}. Then we observe that every other edges meets V (M)
by the maximality of M . Furthermore, since 	(G)¿1, for each vertex of V (G)−V (M),
we can select an edge joining it to V (M). Again by the maximality of M , for each i,
at most one of ui and vi can be incident with a selected edge, which implies uivi is
incident with at most (G)− 1 vertices of V (G)− V (M). Hence |V (G)|= |V (M)|+
|V (G)− V (M)|62 + ((G)− 1)= ((G) + 1). Now Lemma 3 is proved.
Now we are in a position to prove Theorem 1. Let k; s and t be positive integers such
that k¿5 and s(t−1)¡k. And let G be a k-connected graph which has neither K2+sK1
nor K1 + tK2. If t62, then Theorem D guarantees that G has a k-contractible edge. So
we may assume that t¿3 and under this assumption we have s¡k=(t − 1)6k=2.
By way of contradiction, suppose that G has no k-contractible edge. Let e be an
edge of G and let A be a component with respect e.
Claim 1. If |A|¿2, then A is a large component.
Proof. Since A is connected and |A|¿2, there is an edge xy∈E(A). By the assumption
that G has no K2 + sK1. In particular, since s¡k=2; G has no K2 + k=2K1. By this
fact, we observe that |NG(x)∩NG(y)|6k=2 − 1. Hence
|NG(A)∪A| = k + |A|
¿ |NG(x)∪NG(y)|
¿ |NG(x)|+ |NG(y)| − |NG(x)∩NG(y)|
¿ 2k −
(⌈
k
2
⌉
− 1
)
:
Therefore, |A|¿(k + 1)=2, and Claim 1 is proved.
Claim 2. There is a vertex x∈V (G) such that each edge e∈E(x) is contained in a
triangle.
Proof. First we show that if an edge e is not contained in a triangle, then e∈EL(G).
Let e be an edge which is not contained in a triangle and let A be a component
with respect to e. Then we observe that |A|¿2 and by Claim 1, A must be a large
component. Hence if an edge e is not contained in a triangle, then e∈EL(G).
Since G has no k-contractible edge, Corollary 2 assures us that there is a vertex
such that E(x)∩EL(G)= ∅. Hence each edge in E(x) is contained in a triangle.
Let x be a vertex such that every edge e∈E(x) is contained in a triangle. Let
H =G[NG(x)]. The fact that every edge e∈E(x) is contained in a triangle implies that
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	(H)¿1. The fact G has no K2+sK1 means (H)6s−1 and the fact G has no K1+tK2
means (H)6t− 1. Hence by Lemma 3 we get the inequality dG(x) = |V (H)|6s(t−
1)¡k, which contradicts the fact that G is k-connected. This contradiction completes
the proof of Theorem 1.
4. Proof of Theorem 2
In this section we give a proof of Theorem 2. Let k be a positive integer with
k¿5. Let G be a k-connected graph with 	(G)¿k +1 which contains neither K−5 nor
5K1 + P3. By way of contradiction, assume that G has no k-contractible edge. Let S
be a k-cutset of G and let A be a component of G − S.
Claim 1. If A is not a large component, then |A|=2.
Proof. Since 	(G)¿k +1, there is no component A such that |A|=1. Hence we need
to show that if |A|¿3, then A is a large component. Assume that |A|¿3. Since A
is connected and |A|¿3, A contains a P3 = xyz. We divide the proof into two cases
according as xz ∈E(G) or not:
Case 1: xz ∈E(G). If |NG(x)∩NG(y)∩NG(z)|¿5, then we observe that
G[{x; y; z}∪ (NG(x)∩NG(y)∩NG(z))]⊇ 5K1 + P3
a contradiction. Hence, we may assume that |NG(x)∩NG(y)∩NG(z)|64. Since x ∈
NG(z) and z ∈NG(x), neither x nor z is in (NG(x)∩NG(y))∪ (NG(y)∩NG(z))∪ (NG(z)
∩NG(x)). Hence
|NG(x)∪NG(y)∪NG(z)|¿ |NG(x)∩NG(y)|+|NG(y)∩NG(z)|+ |NG(z)∩NG(x)|
−2|NG(x)∩NG(y)∩NG(z)|+ 2:
Hence, by the inclusion–exclusion principle, we have
2|NG(x)∪NG(y)∪NG(z)|
¿ |NG(x)∪NG(y)∪NG(z)|+ |NG(x)∩NG(y)|
+|NG(y)∩NG(z)|+ |NG(z)∩NG(x)| − 2|NG(x)∩NG(y)∩NG(z)|+ 2
= |NG(x)|+ |NG(y)|+ |NG(z)| − |NG(x)∩NG(y)∩NG(z)|+ 2
¿ dG(x) + dG(y) + dG(z)− 2
¿ 3k + 1:
Hence k + |A|= |NG(A)|¿|NG(x)∪NG(y)∪NG(z)|¿(3k +1)=2. So, |A|¿(k +1)=2,
which means that A is a large component.
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Case 2: xz ∈E(G). In this case, if |NG(x)∩NG(y)∩NG(z)|¿2, then we observe
that
G[{x; y; z}∪ (NG(x)∩NG(y)∩NG(z))]⊇K−5
which contradicts the assumption that G+K−5 . Hence we may assume that |NG(x)
∩NG(y)∩NG(z)|61. Then, by the inclusion–exclusion principle, we have
2|NG(x)∪NG(y)∪NG(z)|¿ dG(x) + dG(y) + dG(z)− |NG(y)∩NG(x)∩NG(z)|
¿ 3k + 2:
Hence k + |A|= |NG(A)|¿|NG(x)∪NG(y)∪NG(z)|¿(3k + 2)=2, and this implies that
A is a large component.
Claim 2. Let S be a k-cutset and let A be a component in G − S. If A is not large,
then 	(S)61.
Proof. By Claim 1, we have |A|=2, say A= {x; y}. Since 	(G)¿k + 1; NG(x)=
S ∪{y} and NG(y)= S ∪{x}. In this situation, if G[S] has a vertex z such that dG[S](z)
¿2, then we observe
G[NG[S](z)∪V (A)]⊇K−5
a contradiction. This proves Claim 2.
Claim 3. For any x∈V (G); E(x)∩EL(G) = ∅.
Proof. By way of contradiction, there is a vertex x∈V (G) such that E(x)∩EL(G)= ∅.
Let xy∈E(x) and let A be a minimum component with respect to xy. Write S =NG(A)
−A and B=V (G)− (S ∪A). Then by Claim 1, |A|=2, say A= {z; w}. Since xz is not
k-contractible, there is a k-cutset T with xz ∈E(T ) so that not all the components of
G− T are large. Since xz ∈E(x) and E(x)∩EL(G)= ∅; x z ∈EL(G). Hence, by Claim
2, we have 	(T )61. If w∈T , then dG[T ](z)¿2, which contradicts the fact 	(T )61.
Hence w is contained in a component in G−T , say C. Write D=V (G)−(T ∪C). Since
A = {z; w}; A∩D= ∅. Since w∈C, we observe that NG(w)∩D= ∅, which together
with the fact that NG(w)= S ∪{z} implies that S ∩D=∅. Hence,
|(T ∩B)∪ (T ∩ S)∪ (S ∩D)|= |(T ∩B)∪ (T ∩ S)|
= |T | − |T ∩A|
= k − 1:
Since G is k-connected, this implies that B∩D= ∅. Consequently, D= ∅, which con-
tradicts the choice of T and Claim 3 is proved.
By Corollary 2 and Claim 3, G has a k-contractible edge, which contradicts the
assumption. This is the ;nal contradiction and the proof of Theorem 2 is completed.
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